Replacing the usual notion of quotient sets by the notion of orbiquotient sets we obtain a generalization of Pólya theory which works for orbiquotients. Our extended theory is based on the definition of the orbicycle index polynomial which we compute in several examples. We apply our theory to the study of orbicycles on orbiquotient sets.
Introduction
Assume that a finite group G acts on a finite set X. The quotient set X/G of the action of G on X is a rich and subtle concept. Traditionally X/G = {x | x ∈ X} where x = {gx | x ∈ X}. However, in recent years it has proven convenient to modify the notion of quotient sets in various contexts. One of such new interpretations is to think of X/G as the grupoid whose set of objects is X and such that the morphisms from a to b are given by X/G(a, b) = {g ∈ G | ga = b}. This idea pioneered by Alain Connes [6] , allows us to study X/G using the methods of noncommutative geometry, namely by studying the properties of the convolution (incidence) algebra of X/G. In a different direction physicists working in String theory [5] has suggested a new notion of quotient set called the orbiquotient. It is given as follows
where C(G) denotes the set of conjugacy classes in G, X g is the subset of X consisting of points x ∈ X fixed by g ∈ G, and Z(g) is the centralizer of g in G.
In this paper we develop orbianalogues for two results in elementary combinatorics, namely the orbit counting lemma and Polya-Redfield theorem. The cardinality of a finite set X will be denoted by |X|. Let A be a commutative ring with identity. An A-weighted finite set is a pair (X, f ) where X is a finite set and f is function f : X −→ A called the weight of X. We denote by B A the category of weighted sets which is given by
We say that a finite group G acts on A-weighted set (X, f ) if G acts on X and f (gx) = gf (x) for all g ∈ G, x ∈ X. We define the weighted cardinality of a weighted set (X, f ) by the rule
Above P G: [m] is the cycle index polynomial given by
where c i (g) is the number of g-cycles of length i.
Orbianalogue of Cauchy-Frobenius-Burnside theorem
Definition 3. The orbiquotient set of X by the action of G is given by
In Definition 3 the fact that x ∈ X g and h ∈ Z(g) implies that hx ∈ X g , has been used to construct the quotient set X g /Z(g). Notice that the orbiquotient X/ orb G = g∈C(G) X g /Z(g) is well defined up to canonical biyections; indeed, if g = khk −1 then the map ψ :
Notice that if G acts on a weighted set (X, f ) then X/ orb G is weighted in a natural way. The weight on X/ orb G will also be denoted by f and is constructed as follows: the set X g is weighted by f | X g and
Let us biefly recall the definition of the partition lattice Par(X) associated to set X. An element σ ∈ Par(X) is a partition of X, i.e., σ consist of a disjoint collection of nonempty subsets of X whose union is X. Elements of σ are called blocks of the partition σ. The lattice structure on Par(X) is given as follows 1. The 0 in Par(X) is 0 := {{x} | x ∈ X}.
2. The 1 in Par(X) is 1 := {X}.
3. The meet π∧ρ of partitions π and ρ in Par(X) is π∧ρ = {B∩C | B ∈ π, C ∈ ρ, B∩C = 0}.
4. The joint π ∨ ρ of partitions π and ρ is defined by demanding that two elements i, j ∈ X are in the same block of π ∨ ρ iff there exists a sequence i = a 0 , a 1 , . . . , a n = j, such that for all 0 ≤ i ≤ n − 1 either a i and a i+1 belong to the same block in π, or a i and a i+1 belong to the same block in ρ.
We denote by g 1 , . . . , g n the subgroup of G generated by {g 1 , . . . , g n } ⊂ G. Clearly,
Proof. We apply Theorem 1
Definition 5. Let π be a partition of X. Assume that |X| = n and set
Definition 6. Let G be a group acting on a finite set X and g ∈ G. Assuming | X |= n we set
Orbianalogue of Pólya-Redfield theorem
Assume that G acts on X.
Definition 7. The oribicycle index polynomial P orb G:
where
is the joint of C(g) and C(h) the cycle partitions of g and h, C(g) and C(h) respectively. 
Proof. We apply Theorem 4
4 Orbicycle index polynomial of Z n
We denote by N + the set of all positive integers. Given integers x 1 , x 2 , . . . , x k ∈ N + , then (x 1 , x 2 , . . . , x k ) denote the greatest common divisor of x 1 , x 2 , . . . , x k . The cyclic group of nelements is denote by Z n = {0, 1, 2, . . . , n − 1}, also
We define in Z k n an equivalence relation as follows: x and y are equivalent if and only if (x, n) = (y, n).
It is easy to verify that
Thus we can write
This implies that
The number of vectors in Z k n that are relative prime with a fixed positive integer n is given by ϕ k (n). Notice that ϕ 1 is the usual Euler's function ϕ from number theory. Clearly for each
Thus we have proved the following
where ζ(z) = ∞ n=1 1 n z is the Riemann's zeta function.
Proof. Apply Lemma 10
The Möbius function µ : N −→ {−1, 0, 1} is defined as follows 
Lemma 13. Möbius inversion formula
For all functions f, g :
Is easy to check that the Möbius function is multiplicative. Applying Lemma 13 to the formula of Lemma 10 with f (n) = n k and g(n) = ϕ k (n) one obtains.
. Let f and g be a multiplicative functions then
Let p be a prime number and let k and r be positive integers, then
Proof. Using Corollary 15 we have
Theorem 17. Let n, k ∈ N + . Suppose that n = p 
Proof. Apply Lemma 16.
Proof. Suppose that n = p α 1 1 . . . p αr r where p 1 , . . . , p r are different prime numbers and r 1 , . . . , r n are in N + .
, where P is the product of common prime powers of m and n.
Lemma 20. Let A be a commutative ring with unit and f : N −→ A be any map, then
If (x) is the subgroup of Z n generated by x ∈ Z n , then and only if a ≡ b mod (n, x ) . Thus the of blocks of Z n /(x) are of cardinality n (n,x) and the number of blocks is |Z n /(x)| = (n, x). Similary if we take x, y ∈ Z n , then a, b ∈ Z n are in the same block of C(x) ∨ C(y), if and only if a = b in Z (n,x,y) . This follows since a ∼ 
Proof. Applying Theorem 20 we get
Orbicycles on orbiquotient sets
We write X [n] to denote the set of all maps from [n] to X.
Theorem 24. Assume that G acts on (X, f ) ∈ Ob(B A ) then
Proof.
Notice that a partition α of depth 1 of n is a partition in the usual sense,i.e., α is such that α 1 + 2α 2 + · · · + nα n = n. To a partition α we associate a canonical permutation on [n], the one whose cycle structure is determined by α. Keeping this correspondence in mind one checks that 
